One-di men sional melt ing and freez ing prob lem in a fi nite slab with time-de pend ent con vec tive bound ary con di tion is solved us ing the heat-bal ance in te gral method. The tem per a ture, T 4 1 (t), is ap plied at the left face and de creases lin early with time while the other face of the slab is im posed with a con stant con vec tive bound ary condi tion where T 4 2 is held at a fixed tem per a ture. In this study, the ini tial con di tion of the solid is subcooled (ini tial tem per a ture is be low the melt ing point
In tro duc tion
Phase-change heat trans fer needs to be ad dressed in var i ous in dus trial pro cesses. Such so lu tions pro vide an im proved knowl edge of the pro cess un der study. But, so lu tions in ex plicit form (sim i lar ity so lu tions) ex ist only for semi-in fi nite prob lems with thermophysical prop er ties con stant in each phase and con stant ini tial and im posed tem per a tures [1] . This lim i ta tion is on ac count of the in her ent non-lin ear ity of the solid-liq uid in ter face. Thus, for more re al is tic sit u ations we are forced to seek ap prox i mate an a lyt i cal or nu mer i cal so lu tions [2] . The prob lems deal ing with fi nite slabs are even more com pli cated and there is very lim ited lit er a ture avail able on such phase-change prob lems in fi nite do main. Kar et al. [3] stud ied the clas si cal Stefan problem for a fi nite slab with Dirichlet bound ary con di tions. There is some lit er a ture on start ing solu tions for phase-change of fi nite slabs con sid er ing both one and two-di men sional heat con duction [4, 5] . Good man ad dressed the melt ing of a fi nite slab with a con stant heat-flux on one side, the other side of the slab be ing in su lated or at a con stant tem per a ture [6] . Zhang et al. worked on this same prob lem but con sid ered the case when the pre heat ing time of the slab was lon ger than the ther mal pen e tra tion time [7] . It is well known that there are many phase-change pro cesses that in volve con vec tive bound ary con di tions and such bound ary con di tions are of ten time-depend ent. Anal y sis of these phase-change prob lems is dif fi cult and the lit er a ture is scarce. There are a few so lu tions for phase-change prob lems in volv ing con vec tive bound ary con di tions in semi-in fi nite me di ums such as those us ing quasi sta tion ary ap prox i ma tion [8] and the heat-balance in te gral tech nique [9] . A con vec tive cool ing prob lem was stud ied by Chan et al. for a semi-in fi nite phase change me dium [10] . There is a pub lished study in volv ing so lid i fi ca tion of a fi nite slab ini tially at fu sion tem per a ture and con vec tively cooled from both sides and solved using per tur ba tion tech nique [11] . More re cently, Roday et al. ex am ined the prob lem of one-dimen sional melt ing and freez ing with con stant con vec tive bound ary con di tions on both faces of a fi nite slab us ing the heat bal ance in te gral tech nique [12, 13] .
The aim of this pa per is to an a lyze the prob lem of phase-change in fi nite slabs us ing the heat-bal ance in te gral method but for a time-de pend ent con vec tive bound ary con di tion, [T 4,1 (t)], at the left face of the slab. The other face of the slab is im posed with a con stant con vective bound ary con di tion with T 4,2 be ing con stant and held at the am bi ent tem per a ture. The temper a ture, T 4,1 , is as sumed to de cay with time in a lin ear fash ion. The slab is an a lyzed for the initial con di tion of the solid be ing subcooled be low the melt ing tem per a ture. Ini tially, T 4,1 is so cho sen that T 4,1 (0) > T f > T 4,2 . This causes the slab to start melt ing from the left face. But when T 4,1 de creases with time along with con vec tive cool ing at the right face, the slab be gins to refreeze. The vari a tion of Bi 2 (Biot num ber at the right face of the slab) is in ves ti gated.
Math e mat i cal anal y sis
The slab is as sumed to be ini tially subcooled (at the tem per a ture T 4 2 ). Hence, it starts to change phase only when the left face of the slab reaches the fu sion tem per a ture. The prob lem is solved in two dif fer ent time pe ri ods. The first time pe riod in volves tran sient heat con duc tion in the solid, dur ing which the left face of the slab reaches the phase-change tem per a ture. Dur ing the sec ond time pe riod, the slab un der goes phase-change. The so lu tion for the first time pe riod is dis cussed in the sec tion Tran sient heat con duc tion in the solid and forms the ini tial con di tion for the phase-change prob lem which is solved in the sec tion Phase-change prob lem.
Tran sient heat con duc tion in the solid
The heat bal ance in te gral method is utilized in this sec tion to de ter mine the temper a ture dis tri bu tion in the solid slab before the phase-change pro cess starts. As seen in fig. 1a , the left face of the slab is at x = 0 and is of fi nite length L. Its fu sion temper a ture is T f . It is as sumed that T 4,1 de cays lin early with time. The tem per a ture at the other end is T 4,2 which is the am bi ent temper a ture. At time t = 0, T 4,1 > T f > T 4,2 . The value of Biot num bers on both faces of the slab are so cho sen such that the heat dif fu sion through the slab en sures that its left face even tually reaches the phase-change tem per a ture.
The heat con duc tion equa tion is:
sub ject to bound ary con di tions
and
The ini tial con di tion at time t = 0 is:
The tem per a ture T 41 (t) is as sumed to de cay lin early such that: d
at
Non-di men sional vari ables are in tro duced us ing the fol low ing def i ni tions: The non-di men sional heat dif fu sion thick ness is de fined by:
Eqs. (1), (2) , and (4) are trans formed us ing the non-di men sional vari ables as:
and the bound ary con di tions on the left face is: ¶ ¶ 
For h * £ 1, the heat has not yet dif fused to the right end of the slab, there fore, the follow ing two con di tions ex ist at
and since the solid is ini tially subcooled to T 4 2
The ini tial con di tion at t s = 0 re duces to: 
The tem per a ture T 4,1 (t s ) is as sumed to de cay lin early with t such that: d
The heat bal ance in te gral method is used to solve this prob lem. A qua dratic ex pres sion for the non-di men sional tem per a ture pro file is as sumed as
At t s = 0, h * =0 and
Now, eq. (9) is in te grated over the non-di men sional heat dif fu sion thick ness h * to obtain:
where
The fol low ing dif fer en tial equa tion is then ob tained: Equa tions (19) and (14) are solved us ing MATLAB ODE solver to ob tain h(t s ) and T 41 (t s ). The co ef fi cients a, b, and c of the as sumed qua dratic pro file can be com puted from the so lu tion of the dif fer en tial equa tions. Us ing these co ef fi cients, j can be ob tained from eq. (18). If, for a value of h * < 1, j eval u ated at x = 0, j(0, t s 0 ), equals j f = (T f -T 4 2 )/T 4 2 it is then concluded that the left end of the slab has reached the fu sion tem per a ture at time t s = t s 0 . The temper a ture dis tri bu tion in the en tire thick ness of slab at this in stant, j(x, t s 0 ), will form the ini tial con di tion for the phase change prob lem.
Note that the con di tion se lected in this pa per is lim ited to those prob lems of a subcooled solid where the pre heat ing time (to heat one end of the slab to the fu sion tem per a ture) is less than the time it takes for the heat to dif fuse to the other end to the slab.
Phase-change prob lem
The sec tion Tran sient heat con duc tion in the solid pro vides the tem per a ture dis tri bution in the slab and the value of tem per a ture T 4 1 at the very in stant the slab reaches the melt ing tem per a ture, caused by the ini tial con vec tive heat ing at the left face. They form the ini tial con dition for the phase-change prob lem.
Once melt ing starts, the slab con sists of the liq uid and the solid re gions con tain ing the melted and the unmelted re gions, re spec tively, as shown in fig. 1b . As the solid melts, this in terface moves for ward to the right, thus in creas ing the thick ness of the melt. The tem per a ture T 4 1 (t) con tin u ously de creases and at some point in time the in ter face stops, and re verses di rec tion.
Dur ing this re-freez ing pro cess, the re gion from x = 0 to x = s(t) is still oc cu pied by the liq uid (same as that dur ing melt ing) and the solid oc cu pies the re gion from x = s(t) to x = L. The di rection of the in ter face move ment s(t) from right to the left in di cates the growth of the solid por tion thus sig ni fy ing the freez ing pro cess. Con sid er ing such a co or di nate sys tem and ge om e try, the gov ern ing dif fer en tial equa tions, bound ary con di tions and Stefan con di tion be come iden ti cal for the melt ing and freez ing pro cess. The phase-change prob lem can then be math e mat i cally expressed as given be low.
The heat con duc tion equa tion for the liq uid re gion is:
The heat con duc tion equa tion for the solid re gion is:
The bound ary con di tions are:
where k l and k s are the ther mal con duc tiv i ties of the liq uid and the solid, re spec tively. The con di tions at the melt line are given by:
where T f is the fu sion tem per a ture. This states that the tem per a ture at the melt line is equal to the fu sion tem per a ture. The Stefan con di tion is given by:
where r is the den sity, and l is the la tent heat of fu sion.
Ini tial con di tion (at t = t 0 )
which is ob tained by solv ing the tran sient heat con duc tion with out phase change to pro vide the tem per a ture dis tri bu tion at the in stant the slab starts to melt. The non-dimensionalization is car ried out us ing: Non-dimensionalized gov ern ing equa tions are there fore:
Bound ary con di tions be come:
where M is given by
The bound ary con di tion at the right face is:
The Stefan con di tion is ob tained as:
Also at the melt line
ob tained by solv ing the tran sient heat con duc tion with out phase change. The heat bal ance in te gral method is used again as in the sec tion Tran sient heat conduc tion in the solid. The tem per a ture dis tri bu tions in the solid and liq uid re gion are as sumed to be qua dratic. The non-di men sional tem per a ture pro files be come:
If we de fine q 1 and q 2 as:
the heat bal ance in te gral method leads to three or di nary dif fer en tial equa tions: 
Since the solid is ini tially subcooled then:
where j s (x, t 0 ) is first ob tained by solv ing the tran sient heat con duc tion prob lem with out phase change. The sec tion Tran sient heat con duc tion in the solid pro vides the value of j(x, t s 0 ) which is the tem per a ture dis tri bu tion in the slab at the in stant the phase-change starts. This is re de fined us ing eq. (28g) and curve fit ted to get an ex pres sion for j s (x, t 0 ). The time t s 0 can be re-expressed as t 0 us ing the re la tion t 0 = n 2* t s 0 (48) and the tem per a ture T 4 1 (t) can be as sumed to de crease in time such that: d
The value of the con stant here is kept ex actly the same as in eq. (14), even though the def i ni tion of t is now dif fer ent. This is done so as to keep the nu mer i cal value of the de cay rate the same as be fore.
The dif fer en tial equa tions ob tained above are cou pled and the sys tem needs to be numer i cally solved. The ODE solver in MATLAB is uti lized to ob tain the so lu tions to these dif feren tial equa tions. But be fore that how ever, be cause the solid is subcooled, the tran sient heat conduc tion anal y sis (sec tion Tran sient heat con duc tion in the solid) first needs to be per formed be fore solv ing the phase-change.
The next sec tion dis cusses the re sults for this phase-change prob lem. This in cludes the study of the im pact of the change in Biot num ber (Bi 2 ) at the right face of the slab.
Re sults and dis cus sion
The slab of fi nite thick ness is as sumed to be a par af fin-based phase-change ma te rial with fu sion tem per a ture, T f of 69.3 °C. The ther mal con duc tiv ity of the slab, for both the solid and liq uid por tions, is k = 0.173 W/mK. The den sity dif fer ence be tween the solid and liq uid phases of this ma te rial is ne glected. The spe cific heats of the solid and liq uid are not iden ti cal. The tem per a ture dif fer ence, T f -T 4 2 , im posed on the right face of the slab has a con stant value of 49.3 °C. How ever, the dif fer ence in tem per a ture at the left end, T 4 1 (t), con tin u ously de creases with time at a con stant as sumed rate of -4.5 °C per unit time t. The ini tial tem per a ture dif ference, T 4 1 -T f at (t = 0) is taken as 10.7 °C. The value for the Stefan num ber of the solid is St s = = 0.467. A high value of heat trans fer co ef fi cient, h 1 (a con stant value of Bi 1 =15) is as sumed to ex ist on the left end of the slab. The ef fect of vary ing Bi 2 (=1, 1.5, and 2) is in ves ti gated.
Pre-heat ing of the slab to the fu sion tem per a ture
Tran sient heat con duc tion anal y sis as per the sec tion Tran sient heat con duc tion in the solid is per formed un til the left face reaches the fu sion tem per a ture. The PCM slab is ini tially at a tem per a ture equal to T(x, 0) = T 4 2 . The value of Bi 1 =15 and the ini tial tem per a ture dif fer ence T 4 1 (0) -T f of 10.7 °C causes con vec tive heat ing of the slab with de creas ing mag ni tude as the value of T 4 1 drops down. Melt ing be gins when the value of j eval u ated at the left face of the slab -eq. (7a), be comes 2.465.
The so lu tions for con duc tion with out phase change are ob tained by solv ing the or dinary dif fer en tial eqs. (14) and (19) for the first stage (h * £ 1). The tem per a ture dis tri bu tion in the slab at the very in stant the left face reaches the melt ing tem per a ture is shown in fig. 2 . It can be seen from fig. 2 that the heat dif fuses to only about 62% of the slab thick ness (h * . » 06) dur ing the time the left face at tains the fu sion tem per a ture. Fig ure 3 de picts the depth of heat dif fu sion (growth of h * ) into the slab in terms of t s . It is seen from this fig ure that it takes t s = 0.041 for the fu sion tem per a ture to be at tained at the left end. This non-di men sional time can be re-writ ten us ing eq. (48) to be con sis tent with the def i nition of t for the phase-change anal y sis and it is seen that it takes t = 0.035 for the slab to reach the fu sion tem per a ture in fig. 3 . Thus, the dif fu sion time to the other end of the slab is much more than the pre-heat ing time it takes for the left end to reach the fu sion tem per a ture. Hence, the bound ary con di tion on the other end (the ef fect of Bi 2 ) is not felt. So, the same ex act tem per a ture pro file, as shown by fig. 3 , ex ists for all the cases of Bi 2 = 1, 1.5, and 2 be ing in ves ti gated. This pro file is re-constructed us ing the def i ni tion of j as given in eq. (28g) and curved-fit to ob tain a math e mat i cal ex pres sion in terms of x. The tem per a ture T 4 1 (t) de creases lin early with time t s and drops to 79.8 °C at the start of the phase-change. This par tic u lar value of T 4 1 , along with the tem per a ture pro file ob tained from fig. 2 forms the ini tial con di tion for the phase-change prob lem. The amount of heat loss from the right face is stud ied by main tain ing the Bi 2 value at 1. The phase-change prob lem is solved us ing the heat bal ance in te gral method ex plained in phase-change prob lem. The slab loses heat (i. e. con vec tive cool ing) from the right face with Bi 2 = = 1. The heat trans fer co ef fi cient on the left face is main tained at the same value as be fore, Bi 1 = =15. The Stefan num ber for the solid is 0.467. Us ing the ini tial con di tions ob tained from the earlier con duc tion so lu tion above, the three or di nary dif fer en tial equa tions -eq. (43 a, b and c), are solved. Fig ure 4 and 4b de picts the rate of de cay of tem per a ture T 4,1 and the in ter face move ment with time.
The slab be gins to melt on ac count of the higher con vec tive heat gain from the left end and as time pro gresses, T 4 1 (t) de creases, thus caus ing less heat ing at the left face. How ever, si multa neously, the slab is con tin u ally los ing heat from the right face. Af ter some point in time, the rate of heat loss ex ceeds the rate of heat gain and the slab be gins to freeze back. It is ev i dent, as shown by fig. 4 , that some melt ing takes place (h = 0.147) be fore the slab com pletely freezes back at t = = 2.42. It is seen in fig. 5 that the slab starts melt ing at time t = 0.035. How ever, the temper a ture T 4 1 (t) drops a lit tle be low the fu sion tem per a ture at around t = 2.38, be fore the slab freezes back com pletely. Thus, ide ally, a sec ond phase-change in ter face should start de vel op ing from x = 0 (and pro ceed to the right), in ad di tion to the one al ready ex ist ing trav el ing left. At the in stant, T 41 (t) falls below the fu sion tem per a ture, the in ter face, for this case, has al ready re tracted back, more spe cif i cally to the point that 99% of the slab is al ready solid (freez ing is al most complete) . Fig ure 5 shows the tem per a ture profiles for the solid and liq uid por tions of the slab. Next, the ef fect of much higher value of Bi 2 (= 2.0) is con sid ered. Here too, the in terface starts mov ing from the left to the right as the slab melts. As time ad vances, the in ter face stops, and then re cedes so that the slab con tin ues to freeze (in ter face mov ing left) un til it becomes all solid . Fig ure 6 shows that the in ter face starts ad vanc ing for ward from t = 0.035. This in di cates melt ing from the left-end. At time t » 0.9, the in ter face move ment re verses. The slab melts only to the ex tent of h = 0.119 be cause of a high value of Bi 2 = 2 as seen in fig. 6 . With further in crease of time, T 4 1 (t) de creases and the slab be comes a com plete solid again at t =2.16. Note that the tem per a ture T 4 1 (t), at this time in stant, is 70.3 °C, which is still above the fu sion tem per a ture of the slab. On ac count of a very high value of Bi 1 , it is seen that the rate of melt ing is faster rel a tive to the rate of freez ing.
Se lect tem per a ture pro files in the solid and the liq uid re gions are depicted in fig. 7 . Ini tially, to start with, the slab is all solid at t = 0.035. With the in crease in time the melt front advances for ward (t = 0.101, 0.545). Thus, the slab then con sists of both solid (solid line) and liq uid (dot ted line). Ini tially, the right face of the slab is very low in tem per a ture at about T 4,2 . With pas sage of time, it gets heated on ac count of heat dif fu sion from the left end and tem per a ture peaks but re mains solid. With more con vec tive loss now, it can be seen that the tem per a ture of the right face drops down slightly. Finally, ob serve that the freez ing pro cess is com pleted at t = 2.16 and the temper a ture pro file in the solid is lin ear. Next, the slab is an a lyzed when there is less con vec tive heat loss from the right face, Bi 2 = 1.5 as com pared to the pre vi ous case. The heat trans fer co ef fi cient on the left face as well as all the other prop er ties are main tained the same as be fore for the case of Bi 2 = 2. Re call, the ini tial con di tion for this phase-change prob lem is the same as that for the pre vi ous case. This is be cause when the left end reaches the fu sion tem per a ture, the tem per a ture on the other end is un changed and the bound ary con di tion on the right hand side is in con se quen tial. It is seen from fig. 8 that the slab melts a bit more (com pared to the pre vi ous case), to the ex tent of about 12.9%. This is because there is a less heat leak age from the right face (Bi 2 = 1.5). As shown in fig. 8 , as the time increases to about t » 0.98, the slab starts freez ing back even though the tem per a ture T 4,1 = 75.6 °C, at this in stant of time, is above the fu sion tem per a ture sim i lar to the pre vi ous case. This is because the rate of heat leak age out of the slab is much higher than the rate of heat en ter ing from the left face. The tem per a ture pro files in the solid and liq uid phases are de picted in fig. 9 and are quite sim i lar to those ob tained in fig. 7 . The fi nal steady lin ear tem per a ture pro file oc curs in the com plete solid at t » 2.25.
Com par i son of the phase-change prob lem (Bi 2 =1.5) with that hav ing con stant con vec tive bound ary con di tions
As men tioned above, the slab melts to an extent of about 12.9% in the case of time-de pendent con vec tive bound ary con di tion im posed on the left end and with Bi 2 = 1.5 be fore freez ing back. It is men tioned again that the ini tial temper a ture dif fer ence, T 4 1 -T f at (t = 0) is taken as 10.7 °C. A high value of heat trans fer co ef ficient, h 1 (a con stant value of Bi 1 = 15) is assumed to ex ist on the left end of the slab. A sim ilar prob lem, but, with con stant T 41 has been solved ear lier by Roday et al. [12] us ing the heat bal ance in te gral method. In that study [12] , the tem per a ture dif fer ences imposed on the two ends of the slab were DT 1 = T 41 -T f and DT 2 = T f -T 42 with val ues of 10.7 and 49.3, re spec tively. Choos ing the same val ues of Biot numbers (Bi 1 = 15 and Bi 2 = 1.5) and the same ini tial con di tion, the prob lem of this study be comes very sim i lar to the pre vi ous study [12] ex cept that T 41 decays with time. It is in in ter est ing to point out that, with sim i lar im posed condi tions, the slab un der went par tially melt ing (about 25%) in the case of constant T 41 and shown in fig. 10 . How ever, with a de cay ing rate of T 41 , melt ing (up to 12.9%) freezing back for the slab is seen as de picted in fig. 8b .
Con clu sions
The heat bal ance in te gral ap proach is an ef fec tive tool for solv ing phase-change problems with con vec tive bound ary con di tions. With the avail abil ity of nu mer i cal solv ers, the or dinary dif fer en tial equa tions, how-so-ever com pli cated be come more man age able to solve. This makes the heat-bal ance in te gral ap proach all the more use ful in solv ing phase-change prob lems with com plex bound ary con di tions. In this study, this ap proach has been used to solve the phase change prob lem (melt ing and freez ing in suc ces sion) for a fi nite slab sub jected to a time-depend ent con vec tive bound ary con di tion on one side and a con stant con vec tive bound ary con dition on the other side. The slab is ini tially subcooled. The ef fect of vary ing the Biot num ber on the right face of the slab has been in ves ti gated. The heat-bal ance in te gral method was also used to de ter mine the tem per a ture dis tri bu tion in the slab be fore the phase-change starts. Phase-change anal y sis re vealed that the solid-liq uid in ter face ad vances for ward (melt ing), stops and then re tracts (freez ing) when the rate of heat leak ing out ex ceeds the rate of heat in put, and fi nally the slab be comes a com plete solid again. Tem per a ture dis tri bu tions in the solid and liquid phases (dur ing the melt ing as well as the freez ing part) of the phase-change pro cess were also re ported for all cases in ves ti gated. It was found that the max i mum amount of melt ing that oc curred be fore the slab re-freezes back de creases with an in crease in the heat loss (in crease in Bi 2 ) from the right face of the slab. The re sults are also com pared for the case of a con stant convec tive bound ary con di tion. No men cla ture 
